Abstract. Let n be an integer ≥1 and let θ be a real number which is not an algebraic number of degree ≤ n/2 . We show that there exist >0 and arbitrary large real numbers X such that the system of linear inequalities |x 0 |≤X and |x 0 θ j −x j |≤ X −1/ n/2 for 1≤j≤n, has only the zero solution in rational integers x 0 ,...,x n . This result refines a similar statement due to H. Davenport and W. M. Schmidt, where the upper integer part n/2 is replaced everywhere by the integer part n/2 . As a corollary, we improve slightly the exponent of approximation to θ by algebraic integers of degree n+1 over Q obtained by these authors.
Introduction and results.
Let θ be a real number and let n be an integer ≥ 1. We say that a positive real number λ is an exponent of simultaneous approximation to the numbers θ, . . . , θ n if for all > 0 and for all positive real number X sufficiently large in term of , the inequalities |x 0 | ≤ X and max
have a non zero integer solution x = (x 0 , . . . , x n ). The exponent λ measures the degree of singularity of the system of linear forms θX 0 − X 1 , . . . , θ n X 0 − X n in the sense of Chapter 5.7 of [2] . The notion of singularity introduced by J. W. S. Cassels corresponds in fact to the exponent λ = 1/n. Notice however that D. Roy has constructed in [5] transcendental numbers θ which are singular for n = 2 and for any exponent λ < (−1 + √ 5)/2 0.618. The goal of this paper is to sharpen slightly the upper bound for such an exponent λ of simultaneous approximation obtained by H. Davenport and W. M. Schmidt in Theorem 2a of [3] .
In the case n = 1, it is easily seen that each λ < 1 is an exponent of approximation, while λ = 1 is not an exponent of approximation for any irrational number θ. It follows immediately that an exponent of simultaneous approximation λ is < 1 for any n ≥ 1, assuming only that θ is irrational. Our result, as well as Davenport-Schmidt Theorem, refines this elementary observation.
For any positive real number x, denote by x = x if x is an integer x + 1 if x is not an integer the upper integer part of x, where x stands for its usual integer part.
Theorem.
Let n be an integer ≥ 1 and let θ be a real number which is not an algebraic number of degree ≤ n/2 . Then for any exponent λ of simultaneous approximation to θ, . . . , θ n we have the upper bound
Notice that an equivalent formulation of our Theorem asserts that λ = 1 n/2 is not an exponent of simultaneous approximation to θ, . . . , θ n . On the other hand, Dirichlet box principle implies that any positive real number
is such an exponent. Thus the Theorem is optimal whenever θ is a real algebraic number of degree n/2 + 1 over Q.
H. Davenport and W. M. Schmidt have proven exactly the same type of statement with the upper integer part n/2 replaced everywhere by the integer part n/2 . The two results are thus identical when n is even, while our upper bound is sharper for odd values of n. Moreover the assertion in the even case turns out to be a formal consequence of the odd one, noting that an exponent of simultaneous approximation to θ, . . . , θ n is obviously an exponent of simultaneous approximation to θ, . . . , θ n−1 and that (n − 1)/2 = n/2 when n is even. Notice also that for n = 3, our result includes Theorem 4a of [3] . Simultaneous approximation assertions of the type of our Theorem, or those of [3] , imply automatically results of approximation by algebraic integers, using the transference principle of [3] combined with the ideas of [1] . We obtain the following refinement of Theorem 2 from [3] .
Corollary. Let n be an integer ≥ 2 and let θ be a real number which is not an algebraic number of degree ≤ (n − 1)/2 . Then there are infinitely many algebraic integers α of degree n which satisfy
where H(α) denotes the usual height of the algebraic number α.
Some tools for the proof.
The main ingredient in the proof of our Theorem is the following lemma on linear recursions due to H. Davenport and W. M. Schmidt. We reproduce here their statement (Theorem 3 from [3] ). See also the references [4] and [6] , which contain various applications and new insights on the result. 
for some coprime integer coefficients a 0 , . . . , a h . Then
where We shall also use the following elementary result. 
Proof. Consider the two polynomials
By hypothesis, we have the equality of vector spaces
k stands for the C-vector space of polynomials with degree ≤ k. We deduce immediately that the A = ρB for some non zero ρ ∈ C.
Sequences of best approximations.
From now, we begin the proof of our Theorem, following closely the lines of [3] with the exception of Section 5 which differs.
As was observed in the introduction, we may restrict to odd values of n. Suppose on the contrary that λ = 1 n/2 = 2 n + 1 is an exponent of simultaneous approximation to the numbers θ, . . . , θ n . Then for all positive and all sufficiently large X, there exists a non zero integer point x = (x 0 , . . . , x n ) such that
Assumption (1) will imply ultimately that θ is an algebraic number of degree ≤ (n + 1)/2, provided should have been chosen sufficiently small in term of θ and n. This will be implicitely supposed in all the forthcoming assertions. The constants involved in the symbols will depend only on n and θ. First we construct inductively a sequence of non zero integer points
called best approximations, which satisfy the following defining properties. Set
Then we have
and L(x) ≥ L i for all non zero integer point x with |x 0 | < X i+1 . Notice that the sequence (x i ) i≥1 is determined by its initial element x 1 which is a minimal point in the sense of [3] . We fix such a sequence (x i ) i≥1 and will be concerned with properties which are valid for large i, meaning that X i is greater than some value X(θ, n, ). It follows from (1) that, for large i, we have the upper bound 
Lemma 3. For any i ≥ 1, we have the upper bound
Proof. We have to prove that the rank of the matrix (3) is ≤ h when h = (n + 1)/2. It is obvious since then (3) is an (h + 1) × h matrix.
Construction of polynomials.
As in the preceding section, denote by (y 0 , . . . , y n ) the coordinates of the point x i . By definition of h i , the Hankel matrix
be the coefficients of some non trivial linear relation between the h i + 1 rows of the matrix (4). We may suppose that a
are coprime integers. Thus we have the recursion formulas (5) a
Lemma 4. For any sufficiently large i, we have the upper bounds
and we use the fundamental fact that these columns y 0 , . . . , y m satisfy the linear recurrence relations
Proof. We first bound the height H(P i
which are equivalent to (5). Then we can apply Lemma 1 which furnishes the upper bound
where Y denotes the supremum of the absolute value of the maximal minors extracted from the matrix (6). The estimation H(P i ) X λ i will be an immediate consequence of the upper bound
In order to prove (8), let us write any maximal minor in the following way (setting temporarily h = h i for simplicity):
The entries in the first column of the right hand side matrix have absolute values ≤ X i , while the other entries have absolute values L i . Using (2) we obtain the estimate
since h i ≤ (n + 1)/2 by Lemma 3. Now let us bound the absolute value of P i (θ). Observe that
by (5) with j = 0. It follows that
by (2) and our bound for H(P i ).
constructed with the coordinates of x i−1 . It has rank h and its columns z 0 , . . . , z n−h+1 satisfy the linear relations (10) a
which are equivalent to (9). On the other hand, recall also the relations (11) a
deduced from (7) with i replaced by i − 1. Let are coprime integers, we have ρ = ±1.
We are now able to conclude the proof of our Theorem. By Lemma 6, we know that for large i, P i = ±P for some fixed non zero polynomial P with integral coefficients of degree ≤ h ≤ (n + 1)/2. When i tends to infinity, Lemma 4 implies that P (θ) = 0. We have thus proven that θ is an algebraic number of degree ≤ (n + 1)/2.
Deduction of the Corollary.
The link between simultaneous rational approximation and approximation by algebraic integers is achieved by the following result due to H. Davenport and W. M. Schmidt, which we reproduce here in our setting. See Lemma 1 of [3] , and [1] for the fact that the degree of the algebraic approximations can be prescribed and not only bounded. Simultaneous approximation of the successive powers of a real number
The Corollary follows immediately from Lemma 7, since the Theorem asserts that
is not an exponent of simultaneous approximation to θ, . . . , θ n−1 , provided that θ is not an algebraic number of degree ≤ (n − 1)/2 .
